SETS AVOIDING THREE-TERM ARITHMETIC PROGRESSIONS

TRISTAN SHIN

ABSTRACT. In this expository essay, we provide an account of the recent breakthrough of
Kelley and Meka on the size of subsets of {1,..., N} with no nontrivial three-term arithmetic
progressions. With an improvement by Bloom and Sisask, the size of such a set must be at
most N/exp(C(log N)'/?) for some constant C' > 0. This upper bound matches the shape of
the size of the largest known such sets, up to the power of the log N term in the exponent. We
first discuss the corresponding problem over a finite field vector space, which provides all of
the key ideas, before presenting the details of the full proof over the integers. We organize the
arguments for both settings in the same manner as to draw attention to the parallels between
the two proofs.
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2 SETS AVOIDING THREE-TERM ARITHMETIC PROGRESSIONS

1. INTRODUCTION

In 1936, Erdés and Turdn [ET36] posed a conjecture: every set of positive integers with pos-
itive upper density[] contains a nontrivial three-term arithmetic progression (3-AP)—that
is, a set of the form {z,x + d,z + 2d} with d # 0. In 1952, Roth [Rot52] proved this conjec-
ture, which is now known as Roth’s theorem. A qualitative equivalent is to consider subsets
of {1,..., N} for some integer N > 1 and determine a density threshold for which a subset
must have a nontrivial three-term arithmetic progression. Let r3(/N) denote the maximum size
of a subset of {1,..., N} with no nontrivial three-term arithmetic progressions. Then Roth’s
theorem states the following?

Theorem 1.1 (Roth). We have that r3(N) = o(N).

A natural follow-up question is to ask for a more precise asymptotic on r3(N). The proof by
Roth [Rot53] using Fourier-analytic methods established a bound of r3(N) < N/loglog N. Sze-
merédi (unpublished; presented in a seminar in 1985) improved this to r3(N) <. N/(loglog N)°
for any ¢ > 0; Balog optimised the approach to improve to 73(N) < N/exp(Q((loglog N)/?)).

Heath-Brown [HB87] applied the circle method and large sieve from analytic number the-
ory to improve this to r3(N) < N/(log N)¢ for some effective constant ¢ > 0; Szemerédi
[Sze90] demonstrated this with ¢ = 1/4. Bourgain [Bou99] used Bohr sets to improve this to
r3(N) < N(loglog N)°M /(log N)¢ for ¢ = 1/2 and later to ¢ = 2/3 [Bou08]; Sanders [Sani2al
improved this to ¢ = 3/4 and later ¢ = 1 with an O(1) term of 6 [Sanll]. For ¢ = 1, Bloom
[Blo16] reduced the exponent of the loglog N term to 4; Schoen [Sch21] improved it further to
3+o(1).

In 2020, Bloom and Sisask [BS20] broke the logarithmic barrier by proving an upper bound of
r3(N) < N/(log N)'¢ for some effective constant ¢ > 0. Their proof was a difficult adaptation
of the method used by Bateman and Katz [BK12| to prove a similar result over F3 for integers
n > 1. This upper bound on r3(N) also implies that if the sum of the reciprocals of a subset
of the positive integers diverges, then the set contains infinitely many nontrivial three-term
arithmetic progressions. This provides the first nontrivial case of a conjecture of Erdds that
such sets contain arbitrarily long arithmetic progressions.

In a major breakthrough in 2023, Kelley and Meka [KM23] broke the quasi-polynomial barrier
in the upper bound by proving that r3(N) < N/exp(Q2((log N))) for ¢ = 1/12. A few months
later, Bloom and Sisask [BS23a] increased this to ¢ = 1/9 by improving one step of the Kelley—
Meka method, also claiming that ¢ = 5/41 was doable with additional technical work.

Theorem 1.2. We have that
r3(N) < N/exp(Q2((log N)%))
forc=1/9.

It is also natural to ask how tight the bounds on r3(IV) are, i.e. provide lower bounds. Salem
and Spencer [SS42] used a digital construction to prove that r3(N) >, N/Nog2+e)/loglog N {5,
any € > 0. Behrend [Beh46] used the fact that spheres in any dimension avoid three-term
arithmetic progressions to improve the lower bound to 73(N) > N(log N)~/*/exp(cy/log N) for
c = 2+/2log?2 =~ 2.35. Ever since Behrend’s construction in 1946, the lower bound has retained
the form of N/exp(O((log N)'/?)), with improvements coming only in lower-order terms. Elkin
[EIK11] used a thin annulus instead of a sphere to replace the (log N)~%/* with a (log N)/4.
Hunter [Hun24] applied techniques of Elsholtz, Proske, and Sauermann [EPS24] to improve the
lower bound to 73(N) =, N(log N)~!/exp(cy/log N) for any ¢ > 24/log(32/9) ~ 2.25, in the
first quasi-polynomial improvement to Behrend’s construction.

The Kelley—Meka result thus provided the first upper bound that came in the same quasi-
polynomial shape as the Behrend lower bound, closing a significant amount of the gap between

. P . An{l,...,N
!The upper density of a subset A of the positive integers is lim sup %
N — o0

2See Section m for asymptotic notation.
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the upper and lower bounds for r3(NV). It is still an open problem to fully close the gap on the
power of the log N term in the exponent.

The Kelley-Meka argument utilises the density increment method of Roth, which is central to
many proofs of quantitative bounds for Roth’s theorem and other problems in extremal additive
combinatorics problems. The general idea is straightforward:

(1) Start by assuming that a set A has no nontrivial three-term arithmetic progressions.

(2) Then the number of three-term arithmetic progressions, which can be counted by a sum
of indicators, must be far from what a “random” set with the same density would have.

(3) With some control on the count, this leads to some large quantitative structure—for
example, in Roth’s original proof, this comes in the form of a large Fourier coefficient.
This is a case of what is often referred to as the dichotomy of structure versus
pseudorandomness [Tao07, [Zha23] which prevails across many subfields of combina-~
torics.

(4) Then this quantitative structure is used to exhibit some structured subset on which A
has sufficiently larger density. In vector spaces, such a subset would take the form of an
affine subspace (i.e. a coset of a subgroup).

(5) Finally, this passing to structured subsets is iterated until no longer possible, in which
case there must be many progressions. The number of iterations is controlled by the
size of the density increase, while the size of the original set A is controlled by the gap
to the subset that we pass to as well as the number of iterations.

For a clear example of this broken down in Roth’s original argument, see [Zha23, Chapter 6].
The details and quantitative bounds of the mechanisms in this method determine how effective
the final bounds on |A| are. For much of the history of this problem, most of the structural work
was done through Fourier-analytic techniques. One surprise of the novel Kelley-Meka method
is that the primary improvement comes on the physical side.

In this essay, we present the Bloom—Sisask simplification [BS23b] of the Kelley—-Meka method
with the improvement to ¢ = 1/9. In Section [2| we provide preliminaries for the method. In
Section (3| we present the argument as applied to [y for an odd prime ¢ and integer n > 1. Over
finite field vector spaces, the argument contains the same main ideas but is technically simpler.
Then in Section 4] we provide the full argument in the integer setting to prove Theorem In
both Sections |3| and 4] we first provide an outline of the proof with statements of key lemmas
before proving each step thoroughly. In Section [5], we discuss several related problems which
have been tackled using similar techniques.

1.1. Acknowledgements. The author would like to thank W. T. Gowers for providing useful
guidance and discussion throughout the process of writing this essay, as well as suggesting the
topic. This essay was written in partial fulfillment of the requirements for the degree of Master
of Advanced Study in Mathematics at the University of Cambridge.
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2. PRELIMINARIES
2.1. Notation. In this essay, G will refer to a finite abelian group of odd ordelﬂ with addition
as its group operation. There are only two types of groups G that will show up:

e G =TI} for some odd prime ¢q and integer n > 1. In this case, it is useful to think of ¢
as fixed and n as growing to infinity.

e G = 7Z/NZ for some odd integer N > 1. Again, it is useful to think of N as growing
to infinity. This N will not necessarily be the same as the N in the statement of
Theorem but it will grow in the same manner.

Similarly, V' will refer to a finite-dimensional vector space over IF, for some odd prime g. We
withhold from just writing Fy because we will often change which dimension we are working in
by taking subspaces.

2.1.1. Sets. Let S be a finite set. The indicator function of S is defined by
1 ifzes
1 =
s(2) {0 otherwise.
For any function f whose domain contains 5, let

[ f(z) = |§|Zf<m>.

z€eS zES

For shorthand, let E be the functional that sends a function to its expectation over G, i.e.

Ef=]E f)

zelG
For A C G, the density of A is %. If A C B, the relative density of A (with respect to
B) is %. The normalised indicator function of A is u4 := o' 14, where « is the density

of A. Note that
K f@) = K, paz)f(x)

€A zeG
for all f: G — C.
For sets A and B, define
—A={-a:a€A}
A+B={a+b:a€ Abec B}
A—B={a—b:a€ Abe B}.
For shorthand, let kA = A+ --- + A for a positive integer k. This is not to be confused with
k ti
k-A={ka:ac A},
where ka =a+ - + a.
——

k times

For a function f with codomain R, let {f > ¢} be shorthand for the set of values x in the
domain of f for which f(x) > ¢, and similarly with other inequalities.

2.1.2. Functions. We will be working with the Hilbert space of functions from G to C with
“normalised counting measure”. For f,g: G — C, define the following:

e inner product:

(f.9) = i fla)g(x)

zeG

3Most results still hold when G is just a finite abelian group, but it will be easier to assume that no element
has order 2—otherwise three-term arithmetic progressions can behave unusually.
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e [P-norm for p > 1:

|mu:<Eumwy
zcG
(fx9)(=) =K fl)

yeG

e convolution:

° cross-correlatiorﬂ
(f*9)(@) =K Fg(z +y)
yeG

We also define the L*°-norm in the usual way over a finite domain:
1lloo = max |f(2)].

Then LP-norms are monotonically increasing in p for p € [1,00] by convexity. Note that this
is the opposite direction as for LP-norms over C, but is the same direction as over probability
spaces (which the normalised counting measure provides).

Note that (f,g) = (f x¢)(0). If f,g: G — R, then we can drop all the conjugations.
It is straightforward to check that convolution is associative and commutative, but cross-
correlation is neither. For shorthand, let f** = f x ... % f for any integer k > 1.
\W_/

k times

For t € G, let 7y denote the translation operator by ¢, defined by 7.f(x) = f(x + t) for all
x € G. Let NV denote the negation operator, defined by N f(z) = f(—=z) for all z € G. Note
that N is an involution, and that inner products and norms are preserved under translation
and negation.

One can check the following for f,g,h: G — C.

g*f=N(f~*g)
frg=NFfxg=N(f*Nyg)
frg=Nfxg=N(f*Ng)
(frg)xh=fx(gxh)
fr(gxh)=(f*g)xh
(frg)xh=fx(gxh)
(frgxh)=(f*g.h)=(fxh,g)
(fgxh)={g*f,h)=(h*[.g).
As before, if f,g,h: G — R, then we can drop all the conjugations.

2.1.3. Probability measures. We will also need to work with nonuniform measures on G. In a bit
of nonstandard notation, we say that : G — R is a probability measure on G if E ;n = 1.
Then we can define the inner product and norm under this measure:

= K u@)f(x)g(z)

zeG

|mmw:(@ﬂmwwﬂp

4Bloom and Sisask [BS23b) refer to this as the difference convolution and notate it as f o g. The notation
we use here is the same as that of Kelley and Meka, which is borrowed from signal processing.

e yu-inner product:

e LP(u)-norm:
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Similarly, we have the L°(y)-norm:

£l = max |f(a)].

Again, the LP(u)-norms are monotonically increasing in p.

In an abuse of notation, for a set S C G, let pu(S) = ||1gl|1(,) denote the density of S under
the weighting p. This makes (G,2%, 1) a probability triple in the standard measure-theoretic
sense. Note that u({z}) # p(z) as the former has the normalisation factor of |—(1;|

Note that pg is a probability measure for any S C G, corresponding to the uniform dis-
tribution on S. Also, for any probability measures u; and ps, the convolution py * o and
cross-correlation p; x pg are both also probability measures. These correspond to the distri-
butions of X; + X5 and Xo — X7, respectively, where X; ~ u; and Xo ~ po. In particular,
expressions such as (upgr * pupr) * (upm * ppgm) for B”, B” C G are probability measures.

2.1.4. Dual group. We will also use the (Pontryagin) dual group of G, defined as
G := Hom(G, T) = {homomorphisms from G to T},

where T = {z € C : |z| =1} 2 R/Z. Note that G has multiplication as its group operation.
We will write yg for the trivial character which evaluates to 1 on all of G. Then g is the
identity element of G.

It is not difficult to show that G = G for any finite abelian group G. In the groups that we
care about, the dual groups can be shown to be the following;:

e Let G =7Z/NZ. For r € G, let x,.(x) = (", where ¢ = ¢*™/N. Then
G={x, : r€G}.

e More generally, this construction generalises for G = (Z/NZ)™ (and thus Fy). For
r € G™, let xy(x) = ¢**, where - denotes the standard dot product. Then

G={x: :reqm}.

In fact, by changing the root of unity, this generalises to all finite abelian groups upon
appealing to the structure theorem.

We will work with the Hilbert space of functions from @ to C with (unnormalised) counting
measure, which means that expectations in the definitions of inner product, norm, convolution,
and cross-correlation are replaced by sums. Note that this means that LP-norms are monoton-
ically decreasing instead.

2.1.5. Asymptotic notation. We use f < g, f = O(g), and g = Q(f) to denote |f| < Cg for
some constant C' > 0. We use f = o(g) to denote that f/g — 0 as the argument tends to oc.
Subscripts denote that the hidden constant may depend on these parameters. For example,
f = Oc(g) means that for every €, we have that |f| < C.g for some constant C, > 0.

2.2. Fourier transform. For a function f: G — C, its Fourier transform f: G — Cis given
by
F00 = (0 = K fl@)x(-=).
zeG
Note that the Fourier transform is a linear operator. The Fourier transform translates nicely
between multiplication, convolution, and cross-correlation.

—

Proposition 2.1. Let f,g: G — C. Then f/:k\g =f-9, f/*\g :f-g, and f-g=f*g.
Corollary 2.2. Let f: G — C. Then:

— A

o fxf=f> and/j/@: |f]2; and

—

o [k = fF and fk = f** for any integer k > 1.
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The Fourier transform also acts as the coefficients when expanding functions in the orthonor-
mal (up to uniform scaling) basis of characters x € G. This gives the following two fundamental
facts about the Fourier transform.

Proposition 2.3 (Fourier inversion). Let f: G — C. Then
F=>Fox
xX€G
Proposition 2.4 (Parseval). Let f,g: G — C. Then
(f.9)=(f.9)-

In particular,

£l = £l

Remark 2.5. Recall that the inner product, norm, and convolution over the dual group is
deﬁned usmg the counting measure rather than the normahsed counting measure, so for example

f g= f * § means that
K f@)g(@)x(—z) = > F@alx/v).

zeG 'yEG
Each of these facts can be proven by expanding and possibly applying the facts that

T o) - {1 if X = xo

Jop=rc 0 otherwise

> xlo) = {LG' S

ol otherwise.
xX€G

The Fourier inversion formula also allows us to cleanly read off how the Fourier transform
interacts with other operators For example for all x,t € G, we have that

mf(z) =Y FOOx(@+1) =D x(O)f)x(@),

XEG xea

and

somf=x()[ R

If a function has nonnegative Fourier transform everywhere on G, we say that it is spectrally
nonnegative.

For0 < A<1and f: G — C, the A\-large spectrum of f is

Specy (/) = {x € @ : 1f(0l = AIfL }-

Since translating a function by ¢ multiplies its Fourier transform by x(t), it follows that
Specy (7ef) = Specy (f) for all t € G.

2.3. Bohr sets. For nonempty I' C G and p > 0, define the Bohr set B = Bohr (T, p) to be
Bohr(I',p) ={x € G : |1 — x(z)| < p forall xy e I'}.

We call T' the frequency set of B, rank(B) := |I'| the rank of B, and radius(B) = p the
radius of B[

Bohr sets are commonly used in additive combinatorics as a structured subset of an arbitrary
finite abelian group. In vector spaces, we have subspaces. But in groups such as Z/NZ, it
is possible to have very few subgroups. So we need some other notion of structure. The
original proof of Roth’s theorem used arithmetic progressions contained in {1,..., N}, which is
somewhat of a predecessor to the concept of Bohr sets in additive combinatorics. Bohr sets are

5Tao and Vu (and some other sources) define Bohr sets a bit differently by using the angle along the unit circle
rather than the distance. This affects the radius up to an irrelevant constant factor, so statements of results here
may appear different compared to other sources.
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not original to combinatorics; Harald Bohrﬁ used them in the early twentieth century to study
almost-periodic functions on R using Fourier analysis.

The following results are standard facts about Bohr sets and can be found in either the book
of Tao and Vu [IT'V06, Section 4.4] or the prior work of Bloom and Sisask [BS20, Section 4].

Remark 2.6. Bohr sets can be viewed as a generalization of subspaces. Indeed, if V' < Fg,
then V' = Bohr(T', p), where:

e T'is a set of characters that correspond to a basis of V- under an isomorphism between
V' and its dual group; and
e p < 2sin g.
Note that rank(V) = codim V' under this interpretation.

Since characters have magnitude 1, it is easy to verify that Bohr sets are symmetric. Similarly,
one can check that

Bohr(I', p1) 4+ Bohr (I, p2) € Bohr(T', p1 + p2)

for all p1,p2 > 0. Slightly less obvious is that if k is a positive integer relatively prime to |G|
and B is a Bohr set, then k- B is also a Bohr set of the same rank and radius—one can adjust
the frequency set accordingly.

For A > 0, the dilate of a Bohr set B = Bohr(I, p) is

By = Bohr(T', Ap).

Note that the B) are increasing in A.
By a pigeonhole argument, one can establish that Bohr sets have considerable size.

Lemma 2.7. Let B C G be a Bohr set and 0 < A < 1. Then By C B has relative density at
least (\/4)™(B) " In particular, B has density at least (radius(B)/8)"*k(5),

See [BS20), Lemma 4.4] for a full proof (also [T'V06l, Lemma 4.20] for the bound on the density
of B with the constant 8 replaced with 27).

Bohr sets in general may exhibit bad additive structure, but it turns out that all Bohr sets
are somewhat close to one that has good structure. We say that a Bohr set B of rank r is
regular if

(1= 1007 |5]) |B] < [Bi1x] < (1+ 1007 |x]) | B

for all —10% <k < Tlor' This essentially means that adding a small dilate of B to B does not

expand B by too much if B is regular.
Lemma 2.8. Let B C GG be a Bohr set. There exists some % < X <1 so that By is reqular.

See [TV06l, Lemma 4.25] for a full proof.

It is also straightforward to check that if B is a regular Bohr set, then k - B is also regular.
As one might expect, additional additive structure can be compelled of regular Bohr sets. The
following is an effective version of [BS20, Lemma 4.5].

Lemma 2.9. Let B C G be a reqular Bohr set of rank r > 1. Let p be a probability measure
such that supp u C By for some 0 < A < 1. Then

luB * 1 — pBlly < 200Ar.

Proof. If A > ﬁ, then

s 1= pslly < s ull, + lusl, = 2 < 200Ar.

6Harald Bohr’s older brother Niels Bohr also lends his name to a notion of “Bohr radius” that is perhaps more
famous.
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Assume otherwise. We have that

s * p—pslly = [ K m)ps(z —y) — ps(z)

zeG |yeG
<K E 1@ lps(z - y) — pp(z)|
zeG yeG
= |IE lus(z — ) — pp(2)]
€ L ()

=K lusle— ) - up(z)l

zeG Lo (1)

Observe that

1 (B+y)\ B[+ |B\ (B+y)|
E‘NBCL'_ ')_,UB(:B)’:@ZMB(x—y)—]lB(;p)’: B '

zeG zelG

Let y € suppp C By. Then B+y C B+ By C By, so by regularity, we have that

reg.
|(B+y)\ B| < [Biya \ Bl = [Bipa| = [B| < 100rA|BJ.
Similarly, Bi_x —y € B1_y»+ By C B, so

reg.
B\ (B+y)| <|B\ Bi-x| = |B| = |Bi-a| < 100rA|B].
The conclusion follows. O

One can use this additive structure to produce good translated structure when looking at any
sets. The following is a “narrowing” trick due to Bourgain, as stated in [BS20, Lemma 12.1].

Lemma 2.10. Let 0 < e < 1. Let B be a reqular Bohr set of rank r > 1, and let A C B have
relative density o > 0. Let By, By C By for some 0 < A\ < gg5-. Then one of the following
alternatives must hold:

(1) There exists d € B such that

d—A)NB d—A)NB
Id=A)n By |B)1| ! 2(14—%6)(1 or ld=4)n B \B)2| 2| 2(14—%6)(1.
(2) There exists d € B such that
|(d—A)ﬂBl| ’(d—A)ﬂBg’
- > (1- — = > (1- .
Bl >(1—€a and Byl >(1-6a
Proof. Let B have density 8 > 0. Note that for d € GG, we have that
Jd—A)nB
(e 1)(@) = T, eald = i, 9) = (o) =L

yeG

and likewise with Bs.
Using the symmetry of B, we have that

(A * B, * B — pa * 1) (0)]

(A, piBy * 4B — UB)|

Holder
< lpallo B * By — pBl,

Lem.
< (af)"-200Ar

1 _p—1
S ZE/B .

|</‘LA * MB; — #AaMBH
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The same result holds for By. But (ua, pn) = |51, = B, s

lpa * pp, + pa * ,uB2HL°°(,uB) > ||pa* pp, + pa MBQHLl(pB)
= (pa * pB,, 1) + (pa * LBy, 11B)
> (2—3€)87".

Thus there exists some d € B for which (pua * pp,)(d) + (1a = pp,)(d) > (2 — 3€)871
Suppose that the first alternative fails. Then

(ha* ppy ) (d) > (2= 5€)87" — (1a * pp,)(d)
>(2-56)87 = (1+56)87"
=(1-ep"
and similarly with Bs, as desired. O

The following is essentially the same as [BS20, Lemma 4.6].

Lemma 2 11. Let B C G be a regular Bohr set of rank r > 1, k > 1 be an integer, and
0<A<L IOOk'r If 1 is a probability measure such that supp u C kB), then

:UB<$) < 2(/J’Bl+k/\ * N)(x>
for all x € G.

Proof. If x € B and y € suppu C kB)y, then x —y € B+ kB) C Byy. It follows that for all
x € B, we have that

G| G| e |G
(1B * 1) (2) = K 1ly) - = =
14+kA QE? |Bitral  |Bitral 2|B|

For x ¢ B, the result is trivial. O

= pup(z).
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3. FINITE FIELD MODEL

In many problems in additive combinatorics over the integers, the corresponding problem
over a finite field vector space is often considerably easier to tackle. For example, the original
proof of Roth’s theorem was adapted by Meshulam [Mes95] to prove a similar result over Fy
where ¢ is an odd prime and n > 1 is an integer.

In an abuse of notation, let r3(IFy) denote the maximum size of a subset of Fy with no
nontrivial three-term arithmetic progressions. Meshulam proved that r3(Fy) < ¢"/n. The
Fourier-analytic proof that Meshulam used is quite straightforward compared to Roth’s proof
over the integers. The primary reason for this is that the strategy involves passing to a highly
structured subset of the original ambient set. Over Fy/, we have a tremendous subspace structure
which works perfectly for the argument. Over the integers, we don’t quite have anything as
nice.

As a result, it is useful to test out methods in this finite field vector space setting before
applying them in the integer setting. This is the finite field model. This strategy is expanded
upon in great detail in the surveys of Green [Gre05], Wolf [Woll5|, and Peluse [Pel23]. For
the problem at hand, the finite field model has already been quite successful. Bateman and
Katz [BK12] broke the logarithmic barrier over F} by proving that r3(F3) < 3" /n'*¢ for some
effective constant ¢ > 0. Following this, some ideas from their method were used by Schoen
[Sch21] to prove that 73(N) < N(loglog N)3*+°(1) /log N. Then, Bloom and Sisask [BS20] fully
adapted the method to break the logarithmic barrier over the integers.

The corresponding result that the Kelley—-Meka method achieves in the finite field model is
the following:

Theorem 3.1. We have that
r3(Fg) < q" /exp(€2(n))
forec=1/7.

The original Kelley-Meka argument gave ¢ = 1/9, while this ¢ = 1/7 version is due to
the Bloom—Sisask improvement. Note that for fixed primes ¢, this is the same shape as in
Theorem since N is replaced by ¢" and log N is replaced by n.

We note that in the finite field model, the current best upper bound is much stronger than
the quasi-polynomial shape given by the Kelley-Meka method. Indeed, Ellenberg and Gijswijt
[EGI1T] used the polynomial method as prescribed in the breakthrough of Croot, Lev, and Pach
[CLP17] to prove that for sufficiently large primes g, r3(Fy) < (cq)" for ¢ ~ 0.85.

For lower bounds in the finite field model, a variant of the Salem—Spencer [SS42] or Behrend
[Beh46] construction gives that r3(Fy) > (cq)"°™ for ¢ = 1/2. Recent work by Elsholtz,

Proske, and Sauermann [EPS24] improved this lower bound to ¢ = /7/24. For fixed primes ¢,
more improvement can be made by constructing suitable sets in fixed dimension and extending
these sets to higher dimensions; the current best lower bound of r3(F%) > 2.2202" by Romera-
Paredes et al. [RPBNT24] applies large language models (FunSearch) to improve the search for
such constructions.

So to summarise, we have the following for sufficiently large primes ¢:

(0.549)" <r3(FM) < (0.859)" < q"/exp(Qn'T)) < ¢"/n ;
~——— ——— —~—

~

EPS EG BS Meshulam
(CLP method) (KM method)

and the following for g = 3:
(222)" Sra(FR) S (2.76)" S 3" /exp(Qn'/T)) S 3"/n
~——— ——

FunSearch EG BS Meshulam
(CLP method) (KM method)

In order to prove the extremal result of Theorem [3.1] it suffices to prove a counting result.

Theorem 3.2. Let A C Fy have density o > 0. Then
4{3-APs in A} > gnO((+oga™)),
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Remark 3.3. Such a counting result is akin to supersaturation results in extremal graph
theory which produce a large number of some structure once the threshold for existence of this
structure has been passed. However, it is often the case that graph theoretical supersaturation
results are proven separately from extremal results, while here we will prove the extremal result
using the counting result.

3.1. Outline. The rough idea of the density increment used in the Kelley—Meka method is as
follows:

(1) Start with a large deviation from the expected number of progressions, assuming a
random set of density a. Use Holder’s inequality to lift to a large value of pg x pgq — 1
(on average).

(2) Then, “unbalance” the function to get a large value of p4 * pag (on average).

(3) Apply dependent random choice (a probabilistic technique to find large structured sub-
sets) to correlate pg x p1a with pa, * g, for some smaller pieces A;, As.

(4) Apply almost-periodicity to convert this correlation to a density increment.

With the right bounds on each step, iterating this density increment would provide the Kelley—
Meka result.

Remark 3.4. To count the number of progressions, we can use (4 * pa, f2.4). This is because
(pa* pa, poa) = o J& TR 1a(y) La(z — y) Lo.a(x)
zeG yeG

=a3 12 Z#{aaeA a+ad =z}

‘G’ z€2-A
_3#{3-APs in A}
« .
[l
Remark 3.5. To measure the size of the density increment to a subspace U < V', we can use

lpa * pullo- Indeed, suppose that ||pa * pr||,, > 1+ € for some € > 0. Let t € V' be such that
pa * py(t) > 1+ e Then

AN(t-U
ANGDL_ LS 1) 06> (140
yGV

But shifting by ¢ and replacing U by —U (since U is a subspace) provides the desired density
increment: the set ((A —t) NU) C U has relative density at least (1 + €)a

We now provide an outline of the proof, with statements of the key steps. The sequence of
steps roughly follows Bloom and Sisask [BS23b].

Step 1: Lifting. The first step allows us to go from a far-from-random progression count to a
large discrepancy between pa * 4 and its expectation. Note that a random set A of density «
should have #{3-APs in A} ~ o |G|* and thus (14 * pua, po.4) ~ 1.

Lemma 3.6. Let A C G have density o > 0. Suppose that

(pa *pa, po.a) <1—e€
for some 0 < e < 1. Then
[pa* pa =1, =
for some p = O(1 +loga™!).
Step 2: Unbalancing. We now have an estimate that g4+ 4—1 must be large (on average). It
makes more sense to analyse the more symmetric pa*pa. Intuitively, the estimate on pqxps—1
suggests that p4 x4 ought to be far from 1. But which direction is not immediately clear—for

example, the function —1 is far from 0, but adding 1 results in the 0 function. So we want some
kind of “unbalancing” move that results in g * a4 being large.




SETS AVOIDING THREE-TERM ARITHMETIC PROGRESSIONS 13

Lemma 3.7. Let A C G. Suppose that
raxpa—1,>¢
for some 0 <e<1andp>1. Then
1
[axpal, =14+ 3¢
for some p' = Oc(p).

Step 3: Correlation via dependent random choice. With a large average pa * pa, we
begin working towards the required density increment by essentially correlating p4 x pa with
A, * A, for some much smaller sets Ap, As.

Lemma 3.8. Let A C G have density o > 0. Suppose that
llpa*pall, =1+ €

for some 0 < € < 1 and integer p > 1. Then there exist A1, Ao C G of density Q(anJrOé(l))
such that

(pa, * pay, 1g) > 1— Le,
where S = {paxpua>1+ %e}

The proof of this step involves the technique of dependent random choice, where the
sets A1, Ao are chosen randomly but with some guidance. This idea stems from several similar
arguments often phrased in terms of graphs and common neighbours—see [FS11] for a survey
of typical applications. The main motivation for this step, original to the Kelley—Meka method,
is to feed into the following almost-periodicity step which has been crucial in recent progress
on other additive combinatorics problems.

Remark 3.9. The conclusion of Lemma can also be stated as (pa, * pa,)(S) > 1 — ge
(viewing pa, * f14, as a probability measure). This allows us to interpret the result as that the
x € G for which pg * 4 is large collectively have many representations of the form as — ay for
al € Al,ag S AQ.

Step 4: Density increment via almost-periodicity. Several almost-periodicity results
have been heavily used to improve bounds on related problems in additive combinatorics ever
since Croot and Sisask [CS10] introduced the idea. We can use an almost-periodicity result due
to Schoen and Sisask [SS16] alongside an improved “bootstrapping” argument due to Bloom
and Sisask [BS23a] to establish a density increment. Since we wish to pass to subspaces, we
have to be more specific and say that our group G is a vector space now.

Lemma 3.10. Let V be a finite-dimensional vector space over a field of prime order. Let
A, Ay, Ay, S CV such that A, Ay, As have densities o, a1, g > 0, respectively. Suppose that

</'l/A1 * Ay, ]lS> >1—e€
for some 0 < € < 1/8, where S C {pua*pa > 1+ 4e}. Then there exists a subspace U <V of

codimension
Oc((1 +loga™!)*(1 +loga; )(1 +logay ™))
such that
e * vl > 14 ge.

The original version of this density increment by Kelley and Meka instead exhibited a sub-
space of codimension O, ((1+loga;)3(1+logay!)) by directly applying the almost-periodicity
result without further adjustment. The a1, as produced from the previous three steps will sat-
isfy loga; ' = O((1 + loga™")?), so the original version gives a codimension bound of order
(1 + log a~1)®, while this improved version gives a codimension bound of order (1 + loga~1)S.
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Iterate. We can chain together the four steps into a density increment from the progression
count.

Proposition 3.11. Let V be a finite-dimensional vector space over a field of prime order. Let
A CV have density o > 0. Suppose that

#{3-APs in A} < 1a® V2.
Then there exist a subspace U <V of codimension O((1 +loga™1)%) and at € V such that
(A=) MUl 12

ol T
This proposition is ready to be iterated. As a sketch, the idea is to start with V and apply this
proposition repeatedly to generate a sequence of subspaces. After O(loga~!) steps, this must
stop since density is bounded by 1. At this point, we must have many 3-APs. The codimension
bound gives us an idea of how far we have strayed from V', so we can analyze this final state to
deduce the desired count. We provide a full proof in Section

3.2. Proof of density increment steps. We now prove the steps in the density increment
for the finite field model.

Step 1: Lifting. To prove Lemma@, we need the following simple Fourier estimate.

Lemma 3.12. Let f: G — R and p > 1 be an even integer. Then
1f 5 f= @2, < |fxf—EP?,-
Proof. Let g == f* f — (E f)2. Since p is even, we have that
gl = Eg? = g7(0) = §*(0).
Similarly, with i := f* f — (E f)?, we have that |42 = 2*7(0). But

N —_— 2 /\2
g=f+f—(Ef) ]l{xo}:f ]l@\{x()}
and similarly i = | f |2 1 E\ixo}? 5O h= |g| and the result follows from the triangle inequality. [

Proof of Lemma[3.6 Let p =2+ 2|loga~!]. Then
€ < |[(pa* pa, p2.a) — 1

= [{a * pa — 1, p2.4)|
Holder
< lpaxpa =1, lp2.all,-

1 1 _
where 5 + i 1. But

Itz allye = @t (BL2) P = a2,

SO
lia % pa = 1|, > ea’? > Je
by the choice of p. The result follows from Lemma applied to p4. O

Step 2: Unbalancing. It will be helpful in the integer setting to have the following generali-
sation of the lemma, from which Lemma [3.7] follows by taking f = ua*p4 — 1 and v to be the
uniform measure.

Lemma 3.13. Let f: G — R be spectrally nonnegative, and let v be a spectrally nonnegative
probability measure on G. Suppose that

HfHLP(V) > €
for some 0 <e<1andp>1. Then
1
1f + Ul ey =1+ 3¢
for some p' = O¢(p).
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Remark 3.14. The lemma is false upon removing the spectral nonnegativity conditions (e.g.
with f = —1). The choice f = pua * pua — 1 is valid because

~

f= ,U«mA - ]l{xo} = |@’2 1@\{X0} > 0.

The first step to prove the strengthened lemma is to see that if p is odd, then fP should be
somewhat correlated with the event that f > ce for 0 < ¢ < 1.

Lemma 3.15. Let f: G — R be spectrally nonnegative, and let v be a spectrally nonnegative
probability measure on G. Suppose that

HfHLP(V) > €
for some 0 < € <1 and odd integer p > 1. Then for any 0 < c < 1,
(Liyzeq 1), = (3 — ).

Proof. Tt suffices to check correlation with f > 0 and with 0 < f < ce. Observe that

(Lipsop /7), =E [v 1550y 17
_E L/.fm-+|£!fp‘l}

SEWf*] + S Elv 7P

P
1= 1 P
= ST 0) + 5 1

1, 4 1
= 57/ * fP(0) + 9 ||f||1£p(y)

1
Z 0 -+ §€p
and
(Lio<secey> /7), = E [V o< fce) J7]
<v({0 < f < ce})(ce)?
< (ce)?,
so subtracting the two bounds finishes. O

But this correlation is controlled by the average of these objects, which can be unbalanced.
A little bit of bounding allows us to finish.

Proof of Lemma[3.13, If ||f + Wiy = 1+ %€, then we are done with p’ = 2p. Assume
otherwise.

Since LP-norms are monotonically increasing in p, without loss of generality we can round
p up to an odd integer at least 3. Let ¢ = 0.51 and p’ = 1000e~!(1 + loge~!)p. Consider the
following three estimates:

(1) Cauchy-Schwarz:
(Liyseq, f7), < Hﬂ{fzce}HLz(l,) 170 L2
— v({f > D2 1 F s,
(2) Triangle inequality:

1l z2ry < 1+ L+ Ll p2n(
<2+ %6
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(3) Markov’s inequality:

v({f > ce}) <v{|f +1]" > 1 +ce)'})
< ”f+ 1||I£p/(y)
T (L+ce)

Combining all three bounds along with Lemma [3.15] gives that

4
If+ Uy \ 2
1 @) 1
(§ - Cp)Gp S <:H-{fZCe}7 fp>y S ( 1 T ce (2 + §€)p.
With the choices of ¢ and p’ above, it follows that || f + Uiy =1+ Je€. O

Remark 3.16. Though we required both f and v to both be spectrally nonnegative, the only
Fourier-side condition used is that o * f*?(0) > 0.

Step 3: Correlation. Again, it will be helpful in the integer setting to have the following
strengthened version of the lemma, from which Lemma follows by taking By = By = G
(in which case p is the uniform measure), replacing e with %ﬁe and § with %e, and loosening
the constraint in S to the desired size (which does not affect the conclusion as the final inner
product can only increase upon expanding S).

Lemma 3.17. Let 0 < €,0 < 1 and p > 1 be an integer. Let A C G have density o > 0 and
B1,By C G be nonempty. Set pn = up, *x up,. Suppose that ||;LA*,uAHLp(M) > 0. Then there

exist Ay C By and A C By of relative density Q((«||pa * MAHL,,(M))QP+O@5(1)) such that

(A, * pay, Lg) > 1 =96,
where S = {paxpa > (1 =€) llpa*pall o}t
Since
(pay > pay, 1) = Elpa, *pa,] =1,
it suffices to find appropriate A;, A such that
(14, x14,,1ge) < daja,

where S€ is the complement of S C G and a1, as are the densities of Aq, Ag, respectively.

The key idea is to apply dependent random choice: randomly choose some intersection of
B; with several translates of A. To formalise this argument, for s = (s1,...,s,) € GP, let
Ai(s) =BiN(A+s1)N---N(A+sp) for i =1,2. Let a;(s) and §; denote the densities of A;(s)
and B, respectively. We record a straightforward calculation.

Lemma 3.18. Let f: G — R. Then
K (Lays)* Lages)s £) = BiB2 JK, w(@)(La*1a) ()P f(a).
seGP zeG

Proof. We have that

E Qasy*lays): £) = K K T Las W) Lays) (@ + ) f (@)

seGP seGP zeG yelG

= E E K 1ae® Lag ) f(z—y).

seGP zeG yeG
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For fixed y, z € G, we have that
P
E HAI(S)(y) ]lAz(s)(z) =1lp, (y) 132( ) E H ]lA-i-Sj (y) ]lA-‘rSj (Z)
seGP 81,-,8p€G j=1
p
= 1p,(y) 1s,(2 (]E La+(y) Late(z ))
teG
p
u=y—t
2715, (y) 1p,(z <E 1a(u)la u+z—y)>
ueG
= 1p,(y) 1B,(2)(Tax1a)(z — y)*.
Plugging this in gives that
K (e *Tags)s /) = [ K 18,(0) 18, (2)(ax1a)(z — 9)P f(z — )
seGP yeG zeG
=818 [ K s Wiss (@ + y) (Lax La) (@) f (z)
zeG yeG
= 6182 [}, p(x)(Lax La) () f ()
O

zeCG
as desired.
It is clear that we want to apply this fact to f = lgc. It turns out that f = 1 also provides

useful information.

Corollary 3.19. We have that
K, (L) * Lag(e)r Lse) < (1= K, on(s)oa(s)
seGP seGP

and
[ ai(s)az(s) = BB [LaxLallf,, -

seGP
Proof. Apply Lemma to f = lgc to get that
K (Lays)*Lay(s), Lse) = BBz JI, p(@)(La*La)(x)? Loe(x)
seGP zeG

But S¢={14x14 < (1—€)[[1ax1Lal1p(,}, so we have the bound
E (@ 1—e) HHA*HAHI[)/P(#)

zeG
S (=P [[LaxLallf,,

J(LaxTa)(x)? Tse(x) < p(S)(

Apply Lemma to f =1 to get that
E (Ta*Laye 1) = 8162 [E w@)(Max1a)(@)?
zeG

seGP
= B1f2[[1ax ]1A||Lp(u

But
£ (T *Lays) 1) = T a1(s)aa(s) (ray(s) * ays) 1)
scGP scGP
= [K ai(s)a(s),
seGP

so chaining these together gives the desired result
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At this point, we would like to use the probabilistic method to say that we are done—that is,
we have found some s for which (14, x 1 4,, 1se) < (1 — €)Pajae, and we just need p to be large
enough (which we can do by monotonicity of LP-norms). But recall that we also had another
aim of keeping the sizes of A; and A large enough. To do that, we can tack on an extra factor
of 1{a,ay>Dp, 85} for some D > 0, so that both }A’:l are at least D. But we have to keep the sum

k3

large, so we must control the amount that we lose when we throw away the small aas.
Lemma 3.20. Let D > 0. Then

E a1(8)2(8) Lia ap<DBr 8o} < D23, By
seGP

Proof. By size bounding and the Cauchy—Schwarz inequality, we have that

E a1(8)a2(8) Lia,an<npi o} < Dl/Qﬂ%mﬁ;/Q E a1(s)2ay(s)/?

seGP seGP
1 1
CS 1/251/2 p1/2 ’ ’
< DY257%3, E ai(s) E as(s) | -
seGP sceGP

A similar calculation to the proof of Lemma [3.18] gives that

K ais) = K K 1as)(=) = [ 15, (2) (E ]1A+t(96)> = Bia?,

seGP seGP xeG zeG teG
SO

K, c1(s)aa(s) Liayas<npssy < DY?B1B2a?.
seGP

In order for equality to hold, both sides of the very first inequality would have to be 0—if
arag > 0, then either ayag > D315 or D1/2611/2621/20&/204§/2 > ajao. So then the final upper
bound would have to be 0, which it is not. So equality cannot hold. O

We can now tie everything together.

Proof of Lemma[3.17 Let p’ = p+ [elogd—"] and D = 0.01a~%' HI[A*]IAH%ZI(M) # 0. We have
that
Lem. ,
[E ai(s)az(s) layanenpmpy < 018182/ Ta* ]lAHipf(u)
scGr'
Cor I8 E a1(s)as(s),

seGr’
SO

K ai(s)az(s) Liayan>ppipe} > 0.9 K, ail(s)a(s)
seGr’ scGr
Cor. ,
> 09(1 —6)_p ]E <HA1(S)*]1A2(S);]1$C>-
seGr’

By the probabilistic method, there exists some s for which

102 Layar5pp15) > 0.9(1 — €) 77 (La, %Ly, Lge) .
Since the right-hand side is (termwise) nonnegative, the left-hand side must be positive, so
109 Z Dﬁlﬂg. Thus
[Ail o [Ail[A2] _ arae
|Bi| ~ |B1||Ba|  B1B2
> D =0.01(a ||pea *MAHLPI(N))Z”
2p+06,5(1)'

> 0.01(||ppa * ,UAHLP(N))
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Furthermore, since p’ > 1og(0.96)/log(1 — €), the bound on the inner product becomes
ajog > o1t <]1A1 *]1A2, ]lSc> R
which gives the desired bound on (4, * pa,, ls) upon rearranging. O
Step 4: Density increment. We will use the following L°°-almost-periodicity result, which

is essentially the same as a statement of Schoen and Sisask [SS16, Theorem 3.2] and is a special
case of the result we will use for the integer case.

Proposition 3.21. Let 0 < e < 1 and k > 2 be an integer. Let Ay, A2, S C G be such that
Ay, Ag have density a1,y > 0, respectively. Then there exists a set T 'C G of density at least

exp(—Oc(K*(1 +logay ')(1 + logaz 1))
such that

7% o (pra, * pay) * Lg —(pa, * pra,) * 1|l < €

We defer the proof of this result to Appendix [A]

This result alone is enough to give Kelley and Meka’s original result with ¢ = 1/9. The
improvement of Bloom and Sisask was to improve the “bootstrap” procedure in which a uy
factor for some subspace U is introduced in place of the u?p]‘: factor. This would give us the
structure that we want. In order to do this, we must take advantage of the structure of S as
given to us in the result of Step 3; note that the almost-periodicity result alone assumes no
structure on S.

Proof of Lemma[3.10. Apply Proposition with k& = 2 + 2[loge!] + 2[loga™'], G =V,
and S replaced by —S to produce a set of almost-periods T'. Let

U= {x eV : x(x)=1forall x € Specl/Q(,uT)} ,

and note that U is a vector space isomorphic to the orthogonal complement of span(Spec; j5(11)).
By Chang’s lemma (Corollary , we have that

codim U = dim span(Spec j5(1r))

= O (K*(1 +loga;h)(1 +logaz 1))
= O.((1 + log ofl)Q(l + log al_l)(l + log 042_1))-

Now, we compute the density increment on U. Writing f = H*Tk * (LA, * hA,) — [LA; * pA, for
shorthand, we have that

Pro.@
(F*19) O] < [f*1slle = If ¥ 1 sle < 6

SO

(13 % (pay * p1ay)) * L) (0) = (f % Lg)(0) + (pa, * pray, Ls) > 1 — 2e.
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We have large correlation with 1g, which we would now like to convert into large correlation
with pa x ua. By the definition of S, we have that

(3" % (pay * pag)) * (pra * 14))(0) = TR (8% (pra, * pay) (y) - (14 * pa)(y)

yeG
> TR (15 # (1ua, % 11az) () - (1 + de) 1(y)
yeG

= (1 +4e) (" * (pa, * pua)) * 1) (0)
> (14 4€)(1 — 2¢)

=1+ 2¢ — 8¢

>1+e

as 0 < e < 1/8. Let = (u3¥ % (A, * pa,)) * (a * pa) so that p(0) > 1+ e.
Next, we would like large cross-correlation on a structured subset—that is, to go from p(0)

to p(z). We have that || = |zp|*|ia; |4, || 74)?, so for all 2 € G, we have that

(@) = n(0)] = | > A0 (x(x) 1)

xe@
<> 1z 0O, 00l COllEa (0 Ix () — 1]
xE@

But observe that:

e if x € Specy y(pr) and € U, then x(z) = 1;

e if x & Specy(pr), then [a7(x)| < 1/2; and

o |pa, ()] < llpay lly < 1, and similarly [fa, (x)| < 1.
It follows that for all z € U, we have that

@) —pO)< Y @27t 2
X§ZSPGC1/2(HT)
< 2" F |l

Parseval

—k 2
=" 2 |pall;
—gl-k,-1

<3

—_

€

by the choice of k.
Finally, we can aggregate this correlation and extract the desired terms. We have that

[(pr * 1)(0) — u(0)| = | K, ww(w) (u(y) — 1(0))

yeG

<l = (O £ (o

IN

= 1 0)[[ oo ()
< 36,
so (py * 1)(0) > 1+ Je. But one can check that

pu k= (pa* po) * ((F * (pa, * pay)) * pa),
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SO

*k
la s pulloe = llpa * pullo (g * (pay * pay)) * pally

Holder ok
> <MA  pu, (U’ (pay * pa,)) *MA>
= (pw * 11)(0)
> 1+ je O

Remark 3.22. Throughout the proof, we referred to correlation, i.e. (f,g), but required ex-
panding it as (f * g)(0) for the technical computations.

3.3. Finishing the argument. Now that we have the steps of the density increment, it suffices
to put them together. We restate the aggregated result here for convenience.

Proposition 3.11. Let V be a finite-dimensional vector space over a field of prime order. Let
A CV have density o > 0. Suppose that

#{3-APs in A} < ia® |V %,
Then there exist a subspace U <V of codimension O((1 +loga=1)%) and at € V such that

[(A—t)NU|
o 2

Proof. By Remarks and we can replace the hypothesis with (g * pa, p2.4) < % and the
conclusion with [|pa * pulle > 1+ 335.

Apply Lemma [3.6) with € = 1/2, Lemma[3.7 with € = 1/4, Lemma[3.8 with p = [p'] (where p/
is obtained from Lemma and € = 1/8, and Lemma with € = 1/64. To get the desired
codimension bound, it suffices to note that the densities «; of the A; produced by Lemma [3.8
satisfy loga; ' = O((1 + loga™1)?). O

We now demonstrate how to prove the Kelley-Meka result in the finite field model with
¢ = 1/7 by iterating this density increment. First, we prove the counting result.

Proof of Theorem[3.3. Consider the following process:
(1) Initialise Vo = Fy, Ag = A, ; = a, and 7 = 0.
2) Assert that A; CV; < FZ.

)
(2)
(3) Set a; = ||€it11||'
(4)
(5)

If #{3-APs in A;} > $a? |Vi|?, then set m = i and STOP.
Otherwise, by Proposition there exists a subspace U; < V; of codimension
O((1+1loga; 1)) and a t; € V; such that

[(A; — ;) U] _ 199
ol T

(6) Set V;41 = U; and Ai+1 = (Al — ti) NU;.

(7) Increment 7 and go back to step (2).
By construction, we have that:

¢ FY = V) > > Vi

#{3-APs in A} > 203, [Vin|%;
the «; are increasing, so Vi1 < V; has codimension O((1+loga1)%) and thus V;, < Fy
has codimension O(m(1 + loga~1)%);
Qyy, > (%g)ma, so since a,, < 1, we have that m < 200loga™
process terminates); and
° Ai+1 CA; —tj,s0A, CA—t, wheret=tg+ -+ tm_1.

1

(in particular, the
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The bound on m implies that V;, < F}' has codimension O((1+loga™')7), so
|Vm| > qn—O((1+loga_1)7)‘

Then
#{3-APsin A} = #{3-APsin A —t}
> #{3-APs in A,,}
> %O‘?n ’Vm|2

> q—3(1+log ofl)an—O((l—i—log a~hH7)

— q2n70((1+loga_1)7)' 0O
Now, the extremal result is immediate.

Proof of Kelley-Meka in Fy (Theorem . Suppose that A C Fy of density @ > 0 has no
nontrivial three-term arithmetic progressions. Then #{3-APs in A} = |A|. By Theorem

we have that
1>a> qn—O((1+10go¢’1)7)'

Solving for « gives the desired bound. O
We have thus completed the proof of the Kelley—Meka result in the finite field setting.
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4. INTEGER SETTING

We now turn our attention to the main problem in the integer setting. All of the main ideas
will carry over, but as has been true for all previous quantitative bounds on r3(N) and r3(F ;‘),
the integer setting is filled with many more technicalities.

We recall the current state of results as stated in Section [1k

N/exp(O((log N)'/?)) S r5(N) S N/exp(((log N)'/%)) S N/(log N)'** < N/loglog N .

Behrend BS BS Roth
(best constants: Hunter) (KM method) (previous best)

As with the finite field model, it suffices to prove a counting result.
Theorem 4.1. Let A C {1,...,N} have size |A| = aN for some o > 0. Then
#{3-APs in A} > N?/exp(O((1 +loga™1)?)).

4.1. Outline. The structure of the proof in the integer setting is essentially the same as in
the finite field model. The key difference is that we no longer have subspaces to work with in
G = Z/NZ. We instead turn to regular Bohr sets as described in Section which provide
enough additive structure to be useful in the same sense.

Remark 4.2. Kelley and Meka’s original proof passed back and forth between Bohr sets and
generalised arithmetic progressions, which are sets of the form

{ao—i—jldl-f-“'-i-jrdr : jiE{l,...,&‘}}

for some ag,dy,...,d, € G and #1,...,¢. € Z~y. One of Bloom and Sisask’s contributions
in their rephrasing was to clean this up by only staying within the world of Bohr sets, which
is possible because Bohr sets and generalised arithmetic progressions both play the role of an
“approximate subgroup” in the sense of additive structure.

We now provide an outline of the proof, with parallel steps to the finite field model proof.
While the proof follows the methodology of Kelley and Meka [KM23| with the rephrasing of
Bloom and Sisask [BS23b, [BS23al, we differ from both of their presentations by breaking up
the key lemmas in precisely the same way as the finite field model to demonstrate the parallels
as clearly as possible.

Step 1: Lifting. The Holder lifting step is similar to before, but a bit more general by counting

solutions to a linear equation in A x A x C rather than A3. It turns out that it will be easier
to narrow down to two different subsets of A when performing the density increment.

Lemma 4.3. Let 0 < e < 1. Let B C G be a reqular Bohr set of rank r and density 5 > 0, and
let A C B with relative density a > 0. Let B’ C B_co_ be a reqular Bohr set, and let C C B’

2000
with relative density v > 0. Suppose that
(a* pa,pe) < (1—€e)p™!
Then for any reqular Bohr sets B”, B” C B’ , , we have that

4007

[(a = pB) * (pa — NB)”LP(N) 2 %Eﬁ_l
f07” some p = 0(1 -+ 10g771)7 ’U}he’l"e n = (/J,B// */_LB//) % (,U‘B”/ *,U‘B”/)'

Here, (4 — up) * (a4 — pp) will play the role of g x pa — 1 from the finite field model.
Indeed, we can compute that

paxpa—1=(ua—1)%(pa—1),

and we essentially use B = G (so that up = 1) in the finite field model.

The lifting lemma for the finite field model (Lemma could also have been stated in
such generality, but this was not needed. The general version of that lemma is useful in other
problems though, such as in finding large arithmetic progressions in sumsets (see Section .
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Step 2: Unbalancing. Though we are using (ua — pup) * (ua — pp) instead of pg x pa — 1,
the correct function to “unbalance” to is still s * 4. The result is essentially the same as in
the finite field model.

Lemma 4.4. Let 0 < e < 1. Let B C G be a reqular Bohr set of rank r and density 8 > 0,
and let A C B with relative density o > 0. Let v be a spectrally nonnegative probability measure
such that supprv C B_ca . Suppose that

40007

(A = p23) * (na = 18)ll 1oy = €87
for some integer p > 2. Then
||HA*NAHLP’(V) > (1+ %6)5_1
for some p' = Oc(p).

Step 3: Correlation via dependent random choice. This correlation step requires us to
narrow down where A; and As may lie. This will be useful when we apply the almost-periodicity
result over the integers. Note that the variable B’ is omitted from the statement as to be
consistent with other statements. The same will be true in Step 4.

Lemma 4.5. Let B, B", B" C G such that B has density 8 > 0 and B”, B" are symmetric.
Let A C B with relative density o > 0. Suppose that

lpa* pall oy = (1+ e)s!

for some 0 < € < 1 and integer p > 1, where pn = (upr * pupr) * (upm x ). Then there exist
d e B" +B" and sets Ay C B" and Ay C B" — d of relative density Q(a?PTO<(M) such that

(MA1 * Ay, ]15> >1- %Ea
where S = {piaxpa > (1+ 3€)871}.

Step 4: Density increment via almost-periodicity. In the finite field model, the codi-
mension bound was crucial for keeping the size of the final subspace large. Here, we will
need something to keep the size of the final Bohr set large. To do this, we can appeal to the
Bohr set size bound (Lemma, which requires us to control the rank and radius. It is useful
to keep in mind that a; and «s will satisfy log ai_l < (1 +loga~1)? as before, so the bounds
really do turn out to be what we desire.

Lemma 4.6. Let r > 1 be an integer. Let B, B”, B" C G be regular Bohr sets of rank r such
that B has density 8 > 0. Let A C B with relative density o > 0. Suppose that there exist
d € G and sets Ay C B” of relative density oy > 0 and Ay C B"” —d of relative density ay > 0
such that

(A, * pay, 1s) > 1 —¢

for some 0 < € < 1/16, where S C {uaxpa > (1+2€)37} with |S| < 2|B"|. Then there exists
a reqular Bohr set Bt C B" of rank at most

r+ O (1 +loga™)?(1 +loga; (1 +logayt))
and radius at least
radius(B") exp(—O¢(1 + loga™! + logr + log(1 +loga; ') +log(1 + log ay 1))
such that
lpea * pptll o = (1 + 3€)87
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Iterate. Now, all that is left to do is combine the steps of the density increment and iterate.

Proposition 4.7. Let r > 1 be an integer. Let B C G be a reqular Bohr set of rank r and

density 3 > 0, and let A C B with relative density o > 0. Let B' = By for some 0 < XN < 155657
be a regular Bohr set (of rank r) and B" C B’ | be a reqular Bohr set of rank r. Let C C B’

4007

with relative density v > 0. Suppose that
#{(a1,a2,¢) EAX AxC : a1 +as=c} < 3a?p 71y G2

Then there exists a reqular Bohr set Bt C B” such that:
e rank(BT) <r + O((1 +loga™)*(1 + logy~1)?);

e radius(BT) > radius(B”) exp(—O((1 + loga~! 4+ 1logr + log(1 + logy™1)))); and
o there exists t € G such that

(A=t)N BT _ 55
|BT] = 2@

We warn the reader that the iteration argument is far more technical in the integer setting
than in the finite field model, due to the nature of Bohr sets. In Bloom and Sisask’s rephrasing
[BS23b], only Steps 3 and 4 were iterated, with other lemmas woven in between to complete
the argument. In this presentation, we instead choose to iterate the entire density increment
argument as to parallel the finite field model as much as possible.

4.2. Proof of density increment steps. We now prove the steps in the density increment for
the integer setting. Throughout, we take advantage of the fact that Bohr sets are symmetric,
and thus

(MB// */,LB//) * (,[,LB/// */,LBH/) = up”n * 195:24 * up * up
for Bohr sets B”, B"”.

Step 1: Lifting. To prove Lemma we will once again use an estimate to go from convo-
lution to difference convolution. This time, we must switch measures due to using Bohr sets.

Lemma 4.8. Let B C G be a regular Bohr set of rank r, f: G — R, and p > 1 be an even
integer. Then for any symmetric sets B”, B" C By for some 0 < A < we have that

1 Fll oo (ug) < 217 | f Fllee(u) -

where /,L = (HB// *HB") % (/_,LB/// */_,LB///),

400 ’

Proof. We have that p = ppgr * pupgr * g * ugm is supported on B” + B” + B" + B C 4B,
So using the fact that p is even, we have that

15 £y = Boass - (F % )P

em. 2.11]
- < 2E(MB1+4)\ * /‘L) : (f * f)p

=2 ]E (E KB1 a4 (y)/‘(x - y)) (f * f)(x)p

zeG \yeG

=2 1K 1,0 @) [K w(z —y)(f * f) ()

yeG zeG

=2 [ [KE w@—y)(f=f)z)P.

y€B1+4)\ zeG
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Thus there exists y € Byy4) such that

1 % 71y <2 TR b = 9)(f * D) (@)

zelG
=2 <T—yﬂ7 (f * f)p>
Parseval ~ N
=72 <X(—y)u, () p>-
But i = |ig7|?|ip|*> > 0, so the triangle inequality implies that
A~ 22 *
1 5 £y < 2 (s (1F7)7)
Parseval
=2, (FH F)P)
=2 f % in”(u) .
Proof of Lemmal[f.3 Let f = ua — pp, and write

(f = foue) = (pax pa, po) — 2(pa * pg, pce) + (1B * 1B, po) -
Using the fact that B is symmetric so up * o = pp * o, we have that
(pa*pp, pe) = (pa, uB * pc)
= (A, pB * pio = pB) + |8l L1,)
= (pa, pu * pe — pp) + 7
since A C B. By Hoélder’s inequality, we have that

pa, 1p * pe — i) < lpallo 1B * pe — pell; = (@B8) " |lps * pe — s, -

Since C' C B’ C By with A = g5 < 1, Lemma [2.9|implies that

s * pe — pslly < 200Ar = 5ea.
It follows that
(pa * pp, pe) > (1 — oe) B
Similarly,
</’LB*ILLB7ILLC> (1+ 20604)6 < ( 2*106) 5_1'
Thus
(Frfrpe) Q=B =2(1—g5¢) B+ (14 5¢) 671 = —gfef ™.
Since C C B’ and 1p juc = v 'pup 1¢, we have that
(f * fonc) =7 (fx fLe),,, -
Let p = 2 + 2[logy~!]. Then
B < [(Fx fo1e),,,
older
< |f= fHLp(MB,) [p¥eliPs (kpr)
= [ f * fHLp(NB,)Wl/p )
where % + z% = 1. It follows that

15 Flliaugy = 367787 2 217 - 357
by the choice of p. The result follows from Lemma
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Step 2: Unbalancing. We have already done the bulk of the work for this step in the finite
field case, particularly in Lemma The following lemma will help us break up the necessary
bound into pieces.

Lemma 4.9. Let B be a reqular Bohr set of density 8 > 0, and let S C B with relative density
w > 0. For all x € By for some 0 < A < 1, we have that

(s * pp)(z) — B < 200(wB) ' Arank(B).

Proof. Check that
(s *1B)(0) = Bl L1(g) = s,
so we have that
(s * uB)(x) = B~ = (s * uB)(€) — (s * 1)(0)|
= |(ps * TepB — prs * p13)(0)]
= [{u

LS, TelbB — UB)]

Holder
< sl Iens — w5l
= Irepn — sl -
But 7,up = pB * ji{_s}, and —z € By by symmetry of Bohr sets, so we can apply Lemma
to fiy_zy to finish. ]

Proof of Lemmal{.4 Let f=pa—pupand g = paxpa—f*f = pa*xup+ 1B * A — 1B * 1B
Apply Lemma [3.13 to Bf % f, which is spectrally nonnegative because its Fourier transform is

B\f| Then
1F % f+ By = 1+ 30)87

for some p’ = Oc(p). It suffices to show that
lg =Bl oy < 3687
oo < L. Applymg Lemma [4.9| with S = A gives that
‘(MA * pp)(x) — 1‘ <200(af) A = %eﬁfl.
Applying Lemma .9 with S = A and z replaced by —z gives that
(B * pa)(z) = 871 < g5eB"

Applying Lemma [4.9| with S = B gives that

(s ) () = B7] < oaeB™" < gef ™.

Let x € suppr C B), where A =

It follows that
lg(z) — B < Zep?
for all x € suppr, so
o= 8"y < llg = 81 < e < e~
as desired. O

Step 3: Correlation. Again, we have already done most of the work for this step in the finite
field case.

Proof of Lemmal[{.5 We have that

]E ]E HMA*/'LAHLP MB//*MB”’+s+t)

SEBN tEB”/
— B TE )i () T TR, s ()it sssa( — ) (a5 1a) (@)”
seGteG z€G yeG

= ]E ]E /.LB”(S)HB"’(t),U/B//(y)HB’”(«T_y_S_t)(/J/A*,UJA)(x)p'
z€G (s,t,y)EG3
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Since p = pigr * pigr * pigm * g, this is just ||pa *“AHIEP(;L) > ((1+ €)B~HP. It follows that
there exist s € B” and ¢t € B such that

HILI/A * ’UIAHLP(,“B”*;U'B”’-‘rs-H) 2 (1 + G)B_l

Let d = —s —t € B” + B"”. Apply Lemma with By = B”, Bo = B"” —d, € replaced
by 1%36, and § replaced by ie; loosen the constraint in S to the desired size. Note that
UB, * LBy, = 4B, * kB, as By = B” is symmetric. The conclusion follows. O

Step 4: Density increment. For the integer setting, we will use the following strengthened
L*>-almost-periodicity result, which is essentially the same as a statement of Schoen and Sisask
[SS16, Theorem 5.1]. Again, this result alone is enough for Kelley and Meka’s original proof for
¢ =1/12, but an improved bootstrap by Bloom and Sisask allows us to achieve ¢ = 1/9.

Proposition 4.10. Let 0 <e<1,n>0, K > 2, and k > 1 be an integer. Let A1, A2, B,S C G
be such that |A1| = n|S| and |As + B| < K |As|. There exist b € B and T C B — b of relative
density at least
exp(—O,(k? max{logn ', 1} log K))
such that
13" # (pray > pay) * s —(pay * pay) * Ll < €
We defer the proof of this result to Appendix [A]

Proof of Lemma[].0, We will identify such a BT contained in B/ C B" where k =

some % < X <1 chosen so that B}/ is regular (by Lemma .

Apply Proposition 4.10[ with € replaced by 36 n= HA—# k=4+2[loge 1]+ 2[loga~!], B

A
Toor for

replaced by B!, and S replaced by —S. We can take K = 205 ' because
|Az+ B'| < |B" —d+ B| < |B".| Z (1+ ) |B"| < 205" |Ag].

Note that n=! < 2”5 Il = 2a1_1, so logn™! <1+ logozl_ . Also logK <1+ logagl. Then by
Proposition [4.10} there exist b € B and T C B/ — b of relative density w satisfying
logw T< (1+1loga™)?(1 +logay M) (1 +logayh)

such that ||f *1_g||, < 3 €, where f = piF « (ua, * p1ay) — f1a, * fA,-

Apply Sanders’ local version of Chang’s lemma (Lemma with § = %ea, A replaced by
1/2, B replaced by B"”, and Y = T + b. Then there exists a Bohr set B C B of rank

rank(B') < rank(B"”) + O(1 + logw™})
<r 4 0((1+loga™M)2(1 +logar (1 +logayt))
and radius satisfying
radius(B)) - tea

rank(B!")?(1 + logw™1!)
> r~1radius(B")ea
~ r2(1+loga=1)2(1 4+ logay)(1 +logayt)
> radius(B") exp(—O¢(1 +loga™! +logr + log(1 +loga; ') +log(1 +log oy 1))

radius(BT) >

such that [1 — x(z)| < Zea for all x € Specy jo(pr+b) = Specy jo(pr) and x € Bf.
The density increment is computed in essentially the same manner as in the finite field model.
We skip computations that are identical to the finite field case. We have that

(G5« Guay > p042)) (1)) 0) = {pua, + prag, L) = I1f 1ol = 1~ 4

Letting = (u3F % (1, * pa,)) * (1A * 14), this implies that
p(0) > (1+26)(1 =587 > (1+ 3087
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For all x € G, we have that

(@) = n(0)] = | > A0 (x(x) — 1)

xeG
— — 2
<> 1z OO, 00l COllEa (o) Ix () — 11
xEG

But observe that:
e if X € Specy o(pr) and x € BT, then |1 — x(2)| < fea;
e if x & Specy j5(pr), then [ar(x)| < 1/2; and
o [, 00| < llpa, lly < 1, and similarly [f, (x)| < 1 and [a7(x)] < 1.

In particular, | (x)|* [x(z) — 1] < Tea+27% .2 for all z € BT, It follows that for all z € BT,
we have that

() = p(O)] < D 1EA())? - (ea+27F-2)
xEG
Parseval ;1 1—k 2
=" (gea+277)[[pally
= (fea+2""M)(aB)™!
< tep™!

by the choice of k. Then we have that
(1 1)(0) = (0) — [l = p(O) | gy > (1 5ef™) — Lep™,

SO
Holder

lpa*ppille = (ppr*p)(0) > 1+ 2e871). O

4.3. Finishing the argument. We must now tie together the steps of the density increment.
We restate the boost here for convenience. The proof is more involved than the simple combi-
nation that took place in the finite field model.

Proposition 4.7. Let r > 1 be an integer. Let B C G be a reqular Bohr set of rank r and

density 3 > 0, and let A C B with relative density o > 0. Let B' = By for some 0 < X < 155657
be a regular Bohr set (of rank r) and B" C B’ | be a reqular Bohr set of rank r. Let C C B’

4007

with relative density v > 0. Suppose that
#{(a1,a2,¢) EAXx AxC : a1 +as=c} < 3a?p 71y G

Then there exists a reqular Bohr set Bt C B” such that:

e rank(BT) <7+ O((1+loga1)4(1 +1logy~1)?);
e radius(BT) > radius(B”) exp(—O((1 4+ loga™! + logr + log(1 + logy™1)))); and
o there exists t € G such that

(A-—t)nBI| _ .,
| BT] Z 512

Proof. By a similar calculation to Remark [3.4] the hypothesis is equivalent to
(pa* pa,pc) < 3871

Let B” = B”, be a regular Bohr set (of rank 7). Let u = (upr x ppr) * (upm * ppm).
4007
Step 1: Apply Lemma with € = 1/4 to deduce that

1(ea — 15) * (a — 18) | oy = 36871
for some p = O(1 + logy~1).
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Step 2: We wish to apply Lemma with v = u. We have that i = ’M/B\"\Q’M/B?'\Q >0. In
addition,

Supp 4 = B” + B” + BI” + BI” - 4B” - 433\// - Bz/p\// = B4)\/)\H

with 4NN < qemetees < 4%&' So we can apply Lemma [4.4| with e = 1/8 and v = u to deduce
that

| ea *MAHLP'(M) > (1+ i)ﬂil

for some p’ = O(1 + logy™1).

Step 3: Apply Lemma with € = 1/32 and p replaced by [p’]. We get that there exist
d € B”"+ B" and sets A; C B” of relative density ay = Q(a2p+o(1)) and Ay C B" —d of relative
density ap = Q(a?+t9M) such that

(A, * prag, 1g) > 1 — 15,

where S = {paxpa > (14 g;)8 7}

Step 4: We wish to apply Lemma[4.6] but there is a size restriction on S. We can massage our
S by taking S = SN (A2 — A1). Indeed, pa, * pa, is supported on Ay — Ay, so the correlations
(A, * ftay, 1g) and (pa, * f14,, 1) are the same. As for the size restriction, check that

‘S’S |A2—A1’§ ‘B///_d_B//|: ‘B//+B///| S ‘B// l"egg.2|B/l|

1
1+ 1007

as desired. So we can apply Lemma with € = 1/128 and S replaced by S to produce a
regular Bohr set Bt C B"” such that

lna* mptll > (1+ 512)87"

Using the fact that log ;b < (14 loga™!)(1 +logy™!), this Bohr set Bf has the correct rank.
It also has the correct radius with radius(B"’) in place of radius(B”). But

1
radius(B") = 100 radius(B”) = radius(B"”) exp(—O(1 + log 1)),
r
so the radius bound is also correct. And clearly Bf € B"” C B”.
In the same manner as Remark this implies the desired conclusion. O

Given this boost, we demonstrate how to prove the upper bound on r3(N) by iterating this
density increment. First, we prove the counting result that a subset of {1,..., N} of size alN
contains N2 /exp(O((1 + loga™1)?)) three-term arithmetic progressions. The iteration is far
more technical than in the finite field model.

Proof of Theorem [/.1. Embed A into G = Z/(2N + 1)Z, noting that arithmetic progressions in
{1,...,N} C G correspond to those in {1,..., N} C Z. Replace a with the density of A in G,
which is fine for the desired bound as it only affects « by a factor of at most 3.
Consider the following process:
(1) Initialise B(g) = G, Ag = A, and i = 0.
(2) Assert that B;) C G is a regular Bohr set and A; C B;.
(3) Set the following:

o o, — JAil .
b B
o r; = rank(B;);
° B(z) — (B(i)))\w where \; = Clr?z for some 2—%1 <¢g < 2% so that B(i) is regular;
B
* 3= | ‘((;|)‘ )
o I ! < 51 so that BEZ.) is regular; and

/

chog 1
(i = (B(i))x;, where Ay = == for some 715 < ¢
’
(BEZ.))X/, where A/ = % for some =i; < ¢/ < =L so that BEIZ') is regular.

[ ]
S
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(4) If there exists t; € G such that

[(Ai — t:) N By
B

> (14 555) %)

then set A;11 = (A; —t;) N By and B(; 1) = By;). Increment i and go back to step (2).
(5) If there exists t; € G such that

‘(Az — ti) N BEz)

1
‘B/ > (1 + m)aia
(@)

then set A;11 = (A; —t;) N BEZ.) and B(i1) = BEZ.). Increment 7 and go back to step (2).

(6) Otherwise, apply Bourgain’s narrowing trick (Lemma with B replaced by B;, A
replaced by A;, € replaced by ﬁ, B; replaced by B(;), and Bs replaced by Béi). These
parameters are valid by the bounds on the constant ¢;. Then we are in the second
alternative, so there exists d; € G such that

(Ai —di) N B ’(Ai_di)mBEi)
’ }B‘ | ()‘ Z(l—ﬁ)% and o Z(l—ﬁ)ai.
© B
Let A; = (A; —d;) N By;y and fl; =(4;,—d;)N BEi) so that 4; C B;y and flg - BEZ.) both
- ilfave relative density at least %ai.
~ 2 ~
S A7 A
#{(ﬂc,y,z) EA XA XA i x+z2= Zy} > iﬂi—l"’G“z‘>

set m = ¢ and STOP. 3

(8) Otherwise, apply Propositionwith B replaced by B;), A replaced by A;, B’ replaced
by BEZ.), B" replaced by 2 - BE;), and C replaced by 2 - A/, Note that « is replaced by
a density that is at least 18%0@. These parameters are valid by the bounds on the
constants ¢, ¢/ and observing that 2 - Bé’i) =2 (BEZ.)))\;/ C (Bzz‘))ZAZ' Then there exists

a regular Bohr set Bf C 2. BE’Z,) such that:
e rank(BT) <r; + O((1 + loga; 1)0);
e radius(BT) > radius(2 - BE;)) exp(—O(1 + loga; ! +logr;)); and
e there exists d; € G such that

(4; — d}) N BY| 513 1023 1
Bl > 512 10219 = (1+ g8) i

(9) Set Ai+1 = (/L — d;) N BT and B(i-i—l) = BT.
(10) Increment 7 and go back to step (2).

Now, we analyze the procedure. The only way to terminate is at step (7). At this point, we
have accumulated m density increments of the form a; ;1 > (1 + lels)ai? som < log a~ At
each step, the rank either stays the same or is increased by O((1+log a; 1)%) < O((1+loga~1)),

rank(B(,,)) < rank(Bg)) + O(m(1 + log ahH)%)
< (1+loga™).

We also have the same bound on r; for any ¢ < m.

Recall that radius(2 - BE;)) = radius(BE;)). Note that

radius(B(;)) = Q(a;/r;) radius(B(;)) = radius(B(;)) exp(—O(1 + log a; ' +logr;))
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and similarly with the other Bohr sets, so it is always true that
radius(B; 1)) > radius(B(;)) exp(—Ocs(1 + log a; ! +logr;))
> radius(B;)) exp(—O5(1 + log a™ ).
Thus
radius(B,,,)) > radius(Bg)) exp(—O(m(1 + log a )
> exp(—O((1 + loga™)?)).
It follows by the Bohr set size bound (Lemma that
(B > 6] exp(~O((1 +loga™)?)).
Now, we take into account the termination condition in step (7). Since A; and fl; are subsets

of the same translate of A, the left-hand side is at most the number of solutions to z + z = 2y
in A. Thus it suffices to compute the right-hand side. We have

A= Anl Bl 15 |
[Aml |Bimy| Bl | B

The first term satisfies

The second term satisfies
| Bimy | Lo 21

B = Am/4)7 = (a/rm))™ = exp(-O((1 +log a ).
This means that the ‘B(m)‘ term is the main term, so
[Apn| > |Gl exp(—O((1 +loga™1)?)).
A similar conclusion is reached for A | so
#{3-APs in A} > |G|*exp(—O((1 + loga™1)?))
> N?/exp(O((1 + loga™1)?)). O
As with the finite field model, the extremal result is immediate.

Proof of Kelley-Meka (Theorem[1.4). Suppose that A C {1,..., N} with size |A| = aN has no
nontrivial three-term arithmetic progressions. Then #{3-APs in A} = |A|. By Theorem
we have that

1> a > N/exp(O((1+loga™)?)).
Solving for « gives the desired bound. O

This concludes the proof of the current best upper bound on r3(N), provided by Bloom and
Sisask using the Kelley-Meka method.
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5. RELATED PROBLEMS
There are numerous extensions to the problem posed by Roth’s theorem.

5.1. Szemerédi’s theorem. Perhaps the most obvious extension is to ask to forbid k-term
arithmetic progressions for arbitrary fixed k > 3. To that end, let r;(/N) denote the maximum
size of a subset of {1,..., N} with no nontrivial k-term arithmetic progression. Then Roth’s
theorem generalises to Szemerédi’s theorem [SzeT5)|.

Theorem 5.1 (Szemerédi). For any fized integer k > 3, we have that ri(N) = ox(N).

Szemerédi’s original proof relied on his powerful regularity lemma which provides tremendous
structural results but has terrible quantitative bounds. For example, Szemerédi’s proof gives
that r3(N) < N/(log* N)¢ for some ¢ > 0, where log* denotes the iterated logarithm—and
larger k only get worse along the Ackermann hierarchy.

In a breakthrough, Gowers [Gow01] improved the upper bound to rix(N) < N/(loglog N )%
for ¢ = 9—2"+? by introducing higher order Fourier analysis in order to parallel the Fourier-
analytic proof of Roth’s theorem. For arbitrary k, this was not improved until very recently,
when Leng, Sah, and Sawhney proved quasi-polynomial bounds on the inverse theorem for the
Gowers U !-norm [[LSS24b] and applied this to prove an upper bound of

rk(N) < N/exp((loglog N)°*)

for some effective constant ¢ > 0 [LSS24a]. This Leng-Sah—Sawhney upper bound is the current
best for any k > 5. For k = 4, Green and Tao |[GT17] previously proved that r4(N) < N/(log N)°©
for some effective constant ¢ > 0.

There is still a substantial gap between the upper and lower bounds for Szemerédi’s theorem,
as the current best lower bound for (V) is of a similar quasi-polynomial shape as the Behrend
lower bound, provided by O’Bryant [O’B11]:

r(N) Z N(log N)PU) /exp(Op ((log N)?+1))),

where each of the Oy terms have effective implicit constants.

As with the three-term arithmetic progression case, breaking the logarithmic barrier in the
denominator would provide more cases of the conjecture of Erdds that sets of positive integers
with divergent reciprocal sum must contain arbitrarily long arithmetic progressions.

It is worth noting that the extremal problem for k-term arithmetic progressions in the finite
field model is still wide open. Recall that r3(Fy) has been bounded between two nontrivial
exponentials for all odd primes g, so the shape of the bounds is correct. Let rk(F’;) denote
the analogous quantity for k-term arithmetic progressions over Fy (for ¢ large enough so that
modular arithmetic constraints do not affect such progressions). The current best upper bound
for k = 4 is due to Green and Tao |GT09, [GT12], similar to their bound in the integers:
r4(Fp) < q"/nc for ¢ = 2722,

5.2. Corners. A closely related object to arithmetic progressions is the corner, i.e. a set of
the form {(z,y),(z,y + d),(z + d,y)}. Let r_(NN) denote the maximum size of a subset of
{1,..., N}? with no nontrivial corners. One reason that corners are relevant when discussing
Roth’s theorem is the relation between avoiding corners and avoiding three-term arithmetic
progressions.

Lemma 5.2. We have that r3(N) < w

Proof. Suppose A C {1,..., N} contains no nontrivial three-term arithmetic progressions. Con-
sider the set {(z,y) € {1,...,2N} : © —y € A}. This set has at least |A| N elements, namely
(y+a,y) forae Ay e {1,...,N}. But it is corner-free: if (z,y), (z,y + d), (z + d,y) were all
in the set with d # 0, then z —y —d, x — y, x —y +d would be a nontrivial three-term arithmetic
progression in A. Thus |A| N < r_(2N). Taking the maximum over all such A finishes. O

In a similar result to Theorem Ajtai and Szemerédi [AS74] proved the following.
Theorem 5.3. We have that r_(N) = o(N?).
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The original proof used Szemerédi’s theorem as a black box, though a much simpler proof
was given by Solymosi [Sol03] by invoking the triangle removal lemma that follows from the
regularity lemma. As previously mentioned, quantitative bounds for the regularity lemma and
the triangle removal lemma are quite poor, so alternate methods must be used to produce a
better upper bound. Indeed, Shkredov [Shk05] applied a density increment argument using
the box norm to prove a much better bound of 7 (N) < N?2/(loglog N)¢ for ¢ = 1/73. Lower
bounds for r_(N) also follow Behrend-type quasi-polynomial densities, with the current best
constants coming from Green [Gre21].

In the finite field model, there is a similar situation as to k-term arithmetic progressions: the
upper bound is polylogarithmic due to Lacey and McClain [LMO07], while the lower bound is
exponential due to Christandl, Fawzi, Ta, and Zuiddam [CFTZ22]. However, the situation is
actually more dire. While the Croot—Lev—Pach polynomial method has some hope of achieving
exponential savings in large arithmetic progressions, a result of Christandl, Fawzi, Ta, and
Zuiddam [CETZ22, Theorem 8] shows that existing tensor-based methods (including the slice
rank method, which is a reformulation of the Croot—Lev—Pach polynomial method) cannot
provide good upper bounds on corner-free sets in Fy.

Beyond corners, various multidimensional shapes have similar extremal questions. One par-
ticularly interesting shape is the skew corner, i.e. a set of the form {(z,y), (z,y+d), (z+d,y')}.
In a quick success of the Kelley-Meka method, Mili¢evi¢ [Mil24] and Jaber, Lovett, and Ostuni
[JL.O24] independently applied the method to prove a quasi-polynomial shape upper bound on
the size of sets with no nontrivial skew corners. As with three-term arithmetic progressions,
this matches the best lower bound of Beker [Bek24] up to the power of the log N term in the
exponent. There is good reason to believe that the Kelley—-Meka method will be successful in
improving upper bounds in many other similar settings.

5.3. Sumsets containing arithmetic progressions. In their original paper, Kelley and
Meka [KM23] also applied their method to find large structured subspaces in A + A + A for
A C Fy. With the reformulation of Bloom and Sisask in terms of only Bohr sets, a similar
result [BS23al, Theorem 3] is able to be proven in the integers.

Theorem 5.4. Let A C {1,...,N} have size |A| = aN for some a > 0. Then A+ A+ A
contains an arithmetic progression of length at least

exp(—O((l + log a—l)Z))NQ((l—Hoga—l)—n.

The proof of this theorem follows the exact same steps as the proof of Theorem [I.2] but with
different parameters. This narrows the gap on this problem in a similar fashion to the bounds
on 73(N): the previous best lower bound due to Sanders [San08] had exponent a'*+°(1), while
the current best construction due to Freiman, Halberstam, and Ruzsa [FHR92] gives a lower
bound with exponent O((1 4 loga~1)~1).

5.4. Back to Roth’s theorem. Turning our attention back to the problem of three-term
arithmetic progressions, there is still much work to be done. Closing the gap on the power of
the log N term in the exponent is an enticing open problem. Bloom and Sisask suggest that
¢ = 1/7 is the limit of this technique without substantially new ideas—indeed, the rank bound
in Lemma necessarily carries a log afl and log ay ! term, and as previously discussed, each
of those contributes 2 to the exponent of the log a~! term. Thus the best bound we could hope
for is on the order of (1 + loga~!)*, which would give ¢ = 1/7.

Whether other methods may be applicable is also unclear—perhaps a revolutionary technique
similar to the polynomial method is needed to improve the bounds further. Regardless, the
innovative method of Kelley and Meka has proven to be extremely powerful in advancing the
state of knowledge in additive combinatorics, centered on three-term arithmetic progressions
but sure to be widely applicable elsewhere in the field.
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APPENDIX A. ALMOST-PERIODICITY

In this appendix, we derive the almost-periodicity result needed for the Kelley—Meka method
from the original Croot—Sisask almost-periodicity and provide statements of related results. We
will use the following statement of Croot—Sisask almost-periodicity [CS10] as stated and proven
by Sanders [San12bl Lemma 4.3].

Theorem A.1 (Croot—Sisask almost-periodicity). Let 0 < e < 1, p > 2, and K > 2. Let
A, B C G be such that |A+ B| < K |A|. Let f: G — C. Then there existb€ B and T C B—b
of relative density at least exp(—O (e 2plog K)) such that

I7e(pa * f) = pax fll, < el fl,
forallteT.

We can aggregate the results for each of the almost-periods to tack on an additional convo-
lution factor.

Corollary A.2. Let0<e<1,p>2, K >2, and k > 1 be an integer. Let A, B C G be such
that |A+ B| < K |A|. Let f: G — C. Then there existb € B and T C B —b of relative density
at least exp(—O(k*e¢2plog K)) such that

3™ * s f = pax fllp < €llfllp-
Proof. Apply Theorem with e replaced by %e. Then there exist b € B and T C B — b of
relative density at least exp(—O(k%¢ 2plog K)) such that

I7e(ua * ) = pa* fll, < gell£Il,

for all t € T. Since shifting a function does not change its LP-norm, the triangle inequality
implies that

“T_(tl+"’+tk ( A * f KA * fH < € HfH

for all ¢1,...,tp, €T.
Let u = M*Tk and g = pa * f. Then with % + ]% = 1, we have that

K w)(g(z —y) — g(x))

Y

(E\ (Ll — ) - g(a >>M]p)p

zeG

e g = gll, = (E

zeG

B =

S (Eulnm lota— ) <>||L,,(M>

zelG

(E (Eu ) lg(x — >—g<x>|p>>p

zeG \yeG

= (E 1(y) (E lg(z —y) —g(w)l”)) '
yeG zelG

< ma _
< y€sup}1()uHT yg — gH

But supp 1o = kT, so this is bounded by €| f||, as desired. O
From this version of LP-almost-periodicity, the L°°-almost-periodicity results that are needed

for the Kelley—Meka method are immediate. We restate the more general result here for conve-
nience.
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Proposition 4.10. Let 0 <e<1,n>0, K > 2, and k > 1 be an integer. Let A1, A2, B,S C G
be such that |A1| = n|S| and |As + B| < K |As|. There exist b € B and T C B — b of relative
density at least
exp(—O,(k* max{logn ', 1} log K))

such that

175 5 (pay % prag) * s —(ma, % pag) * 1s| o, < e.
Proof of Propositions and[3.21 Observe that pi_a, *pa, = pa, *pa,. Apply Corollary[A.2]
with € replaced by %e, p = max{logy(n~!),2}, A = Ay, and f = 1g. Then for all t € T, Young’s
convolution inequality with % + ]% = 1 implies that

Young
1 s gy prag * Ls —pay % pay * Usll oy < (150 % pay % Ls —pay * Lsllla, Il,-

cor &3, (IS|\» (|7
< el ) (A
1)\l

-1/p

€1

VAN
N o=

by choice of p. This gives Proposition [£.10]
Now Proposition |3.21| follows by taking n = al% > a1, K = max{agl, 2},and B=G. O

A.1. Chang’s lemma. Chang’s lemma is a powerful tool often used in combination with
almost-periodicity results to gain additional structure in a bootstrapping procedure. We list
some versions of Chang’s lemma here without proof.

We say that S C G is dissociated if for all (e;)scs € {—1,0,1}°, we have that

ZESSZO < ¢ =0forallses.
seS
By applying probabilistic tools, one can show Chang’s lemma [Cha02 Lemma 3.1].

Lemma A.3 (Chang). Let A C G have density o > 0, and let 0 < X < 1. If A C Specy(14) is
dissociated, then |A] = O(A\"2loga™!).

As a corollary, we have the following formulation stated by Tao and Vu [TV06, Lemma 4.36].

Corollary A.4. Let A C G have density o > 0, and let 0 < A < 1. Then for some
d=O0(\2loga™t), there exist x1,...,xq € G such that

d
Specy(14) C {ZfiXi D€ € {—1,0,1}}.

i=1
In particular, if G =V is a finite field vector space, then
dim span(Spec, (14)) = O(A\%loga™).

In a similar vein, one can prove the following “local version” of Chang’s lemma for Bohr sets,
due to Sanders [San08, Proposition 4.2].

Lemma A.5 (Chang-Sanders). Let 0 < §,\ < 1. Let B = Bohr(I', p) C G be a regular Bohr

set, and let Y C B with relative density w. There exist A C G of size at most O(A2(14+logw™1))
and p' < p at least

Q A2pé
rank(B)?(1 + logw™1)
such that |1 — x(z)| <& for all x € Specy(uy) and x € Bohr(T'UA, p') C B.
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